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"for theoretical discoveries of topological 
phase transitions and topological phases of matter"
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KT transition KT transition gapped 
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Thors H. Hansson happy explaining  
topology with the committee’s breakfast



Why he can use pastries with holes to 
explain topology?
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KT transition
where appears that the phase is a phase? 

vs.
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KT transition
where appears that the phase is a phase? 
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M Kosterlitz, DJ Thouless.  J. Phys. C: Solid State Phys. 6 1181 (973)



KT transition

two dimensional lattice melting
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KT transition
where appears that the phase is a phase? 
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Topology
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Topology
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Topology
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Topology

skyrmion lattices in chiral magnets



Bloch theorem

V (r) = V (r+ a)

H = H0 + V (r)

each quantum state can be labeled by a vector     k

the energies form bands and they are periodic functions of       k

En(k) = En(k+G)

| n(r)i = eik·r|un,ki

Topology in electronic systems
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Topology in electronic systems
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we have a phase defined on a circle in 1D
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Topology in electronic systems
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Topology in electronic systems

H(k)

H(k) : T 2 ! S2

⇡2(S
2) = Z

or a vector defined on a torus in 2D

~An(k) = ihun,k|~rk|un,ki

|un,ki

| n(r)i = eik·r|un,ki

�n =
1

4⇡2

Z

S
d2k · @k ⇥An



Topology in electronic systems
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Quantum Hall effect 



Topology in electronic systems
i) Hall conductance as integral of the 

Berry curvature
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DJ Thouless, M Kohmoto, MP Nightingale, M Den Nijs, PRL, 49, 405 (1982)

first order perturbation 
theory!



Topology in electronic systems
i) Hall conductance as integral of the 

Berry curvature
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Topology in electronic systems
i) Hall conductance as integral of the 
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Topology in electronic systems
ii) Quantization of the Hall conductance

using Stokes theorem �12 =
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Topology in electronic systems
ii) Quantization of the Hall conductance
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Topology in electronic systems
ii) Quantization of the Hall conductance
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Topology in electronic systems
ii) Quantization of the Hall conductance

2⇡h

e2
�12 = ✓1(2⇡)� ✓1(0)� ✓2(2⇡) + ✓2(0)

|u(k1, 2⇡)i = ei✓1(k1) |u(k1, 0)i

|u(2⇡, k2)i = ei✓2(k2) |u(0, k2)i
|u(2⇡, 0)i = ei✓2(0) |u(0, 0)i

|u(2⇡, 2⇡)i = ei✓2(2⇡) |u(0, 2⇡)i

|u(0, 2⇡)i = ei✓1(0) |u(0, 0)i

|u(2⇡, 2⇡)i = ei✓1(2⇡) |u(2⇡, 0)i

|u(2⇡, 2⇡)i = ei(✓1(2⇡)+✓2(0)�✓1(0)�✓2(2⇡)) |u(2⇡, 2⇡)i



Topology in electronic systems
ii) Quantization of the Hall conductance
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Topology in electronic systems
Presence of a magnetic field

B

Landau levels
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we recover 

“lattice” 
periodicity



Topology in electronic systems
Presence of a magnetic field
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Topology in electronic systems
Presence of a magnetic field
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Topology in electronic systems
Presence of a magnetic field
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Topology in electronic systems
Presence of a magnetic field

Ji = C✏ijEj
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H(k)

Topology in electronic systems
Presence of a magnetic field
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Topology in electronic systems
Presence of a magnetic field

C ⇠ sign(m)

H(k)



Topology in electronic systems

graphene + spin-orbit

⇥2

time reversal invariant
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CL Kane, E Mele, PRL, 95, 226801 (2005)



Topology in electronic systems

�"
12 = ��#

12

BA Bernevig, TL Hughes, SC Zhang, Science, 314, 757 (2006)
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Topology in electronic systems

conduction through the 
edges

CdTe

CdTe

HgTed

M König et al. Science, 38, 766 (2007)



Topology in electronic systems
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Topology in electronic systems

Time reversal symmetry would force

t ! �t

·~S~L ~L·~S

HSO = �L · S



Topology in electronic systems

Edge states Bulk-boundary correspondence
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Topology in electronic systems

Edge states Bulk-boundary correspondence

Modern notion of 
symmetry protected topological phases



Topology in electronic systems
Edge states Bulk-boundary correspondence

Dirac equation in the continuum
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Topology in electronic systems
Edge states Bulk-boundary correspondence

x
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Topology in electronic systems
Edge states Bulk-boundary correspondence
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Topology in electronic systems
Edge states Bulk-boundary correspondence



Bi2Te3 Bi2Se3

gapless surface state appears
Two dimensional analog
of the chiral/helical edge

states in 2D

Topology in electronic systems
Edge states Bulk-boundary correspondence



single specie massless Dirac fermion
(graphene: 4)

the direction of the spin is locked to 
the state’s momentum

real spin

HD = vF~n ·
⇣
~� ⇥ ~k

⌘

Topology in electronic systems
Edge states Bulk-boundary correspondence



Where to look?
Quantum Anomalous Hall Effect (B=0) (2013!!)



Where to look?
Quantum Anomalous Hall Effect (B=0) (2013!!)
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magnetically doped
3DTI

with ordered 
magnetization



Three dimensional TI’s!

Where to look?

the system reacts to an external charge 
as it had a monopole charge 



Three dimensional TI’s!
Possibility of repulsive Casimir effect!

minimum=equilibrium=no force= levitation?

Where to look?



proportional to the Berry curvature of 
the phonon bands

Where to look?
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Where to look?



edge states made of light!

Where to look?



Where to look?



Majorana zero modes:

�0 = �+
0

Where to look?

?



Dirac points 
away from high 

symmetry points

Weyl semimetals

Where to look?



Weyl semimetals

Where to look?

Fermi arcs

k3

E
(k

3
)

k∗
3−k∗

3

m(x) ! m(x, k3)

m < 0 m < 0

m > 0

k3



Thank you for your attention!!


